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We propose a general theoretical framework for both constructing and diagnosing symmetry-
protected higher-order topological superconductors using Kitaev building blocks, a higher-
dimensional generalization of Kitaev’s one-dimensional Majorana model. For a given crystalline
symmetry, the Kitaev building blocks serve as a complete basis to construct all possible Kitaev
superconductors that satisfy the symmetry requirements. Based on this Kitaev construction, we
identify a simple but powerful bulk Majorana counting rule that can unambiguously diagnose the
existence of higher-order topology for all Kitaev superconductors. For a systematic construction, we
propose two inequivalent stacking strategies using the Kitaev building blocks and provide minimal
tight-binding models to explicitly demonstrate each stacking approach. Notably, some of our Kitaev
superconductors host higher-order topology that cannot be captured by the existing symmetry in-
dicators in the literature. Nevertheless, our Majorana counting rule does enable a correct diagnosis
for these “beyond-indicator” models. We conjecture that all Wannierizable superconductors should
yield a decomposition in terms of our Kitaev building blocks, up to adiabatic deformations. Based
on this conjecture, we propose a universal diagnosis of higher-order topology that possibly works for
all Wannierizable superconductors. We also present a realistic example of higher-order topological
superconductors with fragile Wannier obstruction to verify our conjectured universal diagnosis. Our
work paves the way for a complete topological theory for superconductors.
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I. INTRODUCTION
The concept of topology has revolutionized our un-
derstanding of condensed matter systems in the past
decades. The revolution started with the quantum Hall
effect [1–3] and continued through the seminal works on
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2the 10-fold way [4, 5] and topological insulators (TI)
[6], becoming a dominant theme in condensed matter
physics over the last 10 years, leading to the exciting
concept of topological quantum computation using non-
Abelian anyons [7, 8]. Even within the same symmetry
class, there could exist several types of topologically dis-
tinct phases that cannot be connected through an adia-
batic evolution path and thus behave differently in var-
ious aspects. In particular, the topological properties
for a large class of systems are only well-defined when
certain types of symmetries are present. This class of
topological systems is known as the symmetry-protected
topological (SPT) state [9–11], and most, if not all, cur-
rently known free-fermion topological states are techni-
cally SPT phases even if this is not always explicitly men-
tioned. When placed on an open geometry, the bulk
topology of a D-dimensional SPT system enforces the
existence of anomalous in-gap modes on its (D − 1)-
dimensional boundary, which cannot be removed with-
out either closing the bulk energy gap or breaking the
protection symmetry. Such in-gap boundary modes are
“anomalous” in the sense that they can never be realized
in any (D−1)-dimensional bulk system – they are strictly
the boundary modes corresponding to the bulk topology,
an example of a bulk-boundary correspondence.
For free-fermion SPT systems such as topological insu-
lators, topological band theories are extremely successful
in classifying and predicting new topological materials
[12, 13]. To capture various band topology, one direct
approach is to mathematically define the corresponding
topological invariants for band insulators with different
internal or crystalline symmetries [11, 14–19]. On the
other hand, all known topological band insulators present
obstruction to a symmetric and localized Wannier func-
tion description [20, 21]. Therefore, Wannierizability can
be treated as a diagnosis for distinguishing topological
and trivial band insulators. Notably, the recent break-
through in the band representation theory provides us
with a complete list of all possible trivial atomic insula-
tors for all space groups [22]. Consequently, topological
systems can be systematically sorted by simply excluding
the known atomic limits for band insulators. This is, in
principle, a conceptually revolutionary new way of classi-
fying insulators, connecting quantum chemistry (i.e. the
atomic limit) with solid state band theories.
It was recently realized that some topological insula-
tors protected by lattice symmetries admit a higher-order
version of the bulk-boundary correspondence [23], which
are dubbed higher-order topological insulators [24–32].
Specifically, the D-dimensional bulk topology in these
systems is indicated by anomalous in-gap modes on their
(D − n)-dimensional boundary with n ∈ {2, ..., D − 1}.
Some three-dimensional (3d) axion insulator candidates
[33, 34], including EuIn2As2 [35], Bi2−xSmxSe3 [36],
and MnBi2nTe3n+1 [37], have been theoretically pro-
posed to host 1d inversion-protected chiral fermion chan-
nels that live on the “hinges” connecting two neigh-
boring gapped surfaces. Meanwhile, experimental sig-
natures of 1d inversion-protected helical hinge modes
have been observed in Bismuth using scanning tunnel-
ing microscopy [38]. Similar to a conventional TI, a
higher-order TI is necessarily Wannier obstructed. As
a result, by filtering out Wannierizable atomic insula-
tors, researchers have designed/derived simple functions
of crystalline symmetry eigenvalues at high-symmetry
momenta, which can correctly diagnose the higher-order
topology. These symmetry-eigenvalue-based functions
are known as “symmetry indicators” [29, 39, 40].
In this work, our main focus is the higher-order ver-
sion of topological superconductors (TSC), which has
been recently under active research in the community
[41–53]. In particular, a 2d higher-order TSC is fea-
tured by zero-dimensional (0d) corner-localized Majo-
rana zero modes, which potentially offer new promising
platforms for Majorana-based topological quantum com-
putation [54, 55]. The great success for classifying band
insulators inspires us to ask whether similar symmetry-
based topological indicators could be defined to classify
(higher-order) topology in superconductors.
Indeed, several groups have independently developed
similar proposals for symmetry indicators for classify-
ing higher-order TSCs [56–62]. However, it is notable
that these symmetry-indicator-based classifications usu-
ally require a constant representation of a certain sym-
metry (e.g. inversion symmetry), which cannot always be
fulfilled for a general superconducting system described
by Bogoliubov-de Gennes (BdG) equations with sublat-
tice degrees of freedom. While this limitation casts doubt
on the completeness of any symmetry-eigenvalue-based
classification schemes (since the applicability of such a
scheme beyond insulators is apparently not obvious), we
are not aware of any efforts towards finding possible
“beyond-indicator” models. Nevertheless, we do believe
that such an effort is necessary, crucial, and urgent in
this field, because the beyond-indicator models manifest
themselves as a touchstone for checking the “complete-
ness” of any proposed topological classfication schemes
for higher-order TSCs.
On the other hand, several important conceptual
caveats and difficulties remain to be elucidated in this
field, particularly in the context of superconductors.
First of all, the physical meaning of being “atomic” for
a superconductor is unclear. As is known, the most im-
portant length scale for superconductors is the supercon-
ducting coherence length ξ, which is about 101 ∼ 103
atomic lattice constants. This directly implies that the
atomic-scale microscopic physics should not be crucial for
describing superconductivity and its related topological
phenomena. In other words, any topology-enforced Ma-
jorana physics for a topological superconductor (TSC)
should just arise from the low-energy physics near the
Fermi surface, where the energy cut-off is around ξ−1 and
not a microscopic atomic lattice length scale. This fea-
ture clearly distinguishes between the physical meanings
of “atomic limit” for superconductors and insulators.
Second, while the triviality of atomic band insulators
3can be diagnosed from its Wannierizability, the conven-
tional wisdom indicates that a Wannierizable supercon-
ductor can also be topological. As perhaps the simplest
example, the 1d Kitaev Majorana chain [7] is not only
Wannierizable but also hosting 0d Majorana end modes.
Clearly, the 0d Majorana modes are anomalous bound-
ary modes and cannot be realized in any 0d electron sys-
tems. Therefore, it is natural to speculate that a 2d
higher-order topological superconductor with 0d Majo-
rana corner modes could also be Wannierizable, similar
to a Kitaev chain [7].
Motivated by the above considerations, we present in
this work a general framework of constructing and di-
agnosing 2d Wannierizable higher-order TSCs. In par-
ticular, we define the Kitaev limit as a direct higher-
dimensional generalization for Kitaev’s 1d Majorana
chain, which offers a natural language for describing
Wannierizable higher-order TSCs. A BdG system sat-
isfying the Kitaev limit is termed a “Kitaev supercon-
ductor”, which generally admits a bulk energy gap and
a symmetric description with maximally localized BdG
Wannier functions.
Focusing on 2d class D systems with a spatial inversion
symmetry, we identify four inequivalent minimal Kitaev
superconductors (the Kitaev building blocks) as a com-
plete set of basis for building general Kitaev supercon-
ductors. In particular, by stacking these Kitaev building
blocks, we are able to systematically construct various
Kitaev superconductors with intrinsic higher-order topol-
ogy. Interestingly, some of the higher-order topological
Kitaev superconductors share the same inversion eigen-
values at high-symmetry momenta with those of a trivial
superconductor, which are thus beyond the detection of
existing symmetry indicators in the literature. To over-
come such difficulty of diagnosis, we propose a simple but
powerful Majorana counting rule, arising naturally from
our Kitaev construction, that correctly diagnoses the ex-
istence of higher-order topology for all Kitaev supercon-
ductors (including those beyond-indicator models).
To confirm our Majorana counting rule, we present
two different stacking strategies with the Kitaev building
blocks that have in principle exhausted all possible con-
figurations for Kitaev superconductors. For each stacking
strategy, we derive explicit “stacking recipes” based on
our counting rule, which efficiently predict possible stack-
ing configurations with higher-order topology. To demon-
strate these ideas, we provide several minimal models for
distinct stacking strategies and confirm their higher-order
topological nature. The great success of the Majorana
counting rule inspires us to conjecture a universal topo-
logical diagnosis for all Wannierizable superconductors.
To demonstrate this conjecture, we discuss a realistic
higher-order TSC model with fragile Wannier obstruc-
tion. Following the universal diagnosis, we decompose
this model in terms of our Kitaev building blocks and
explain the origin of its higher-order topology with our
counting rule.
The introduction of the “Kitaev limit” as the funda-
mental building blocks for higher-order topological super-
conductors as well as the introduction of the new Majo-
rana counting rule are the two important new concepts in
our work. We show that these new concepts enable both
the construction of higher-dimensional topological super-
conductors as well as the diagnosis for already-proposed
higher-order topological superconductors, thus establish-
ing our ideas as the foundation for the “Quantum Chem-
istry” of Topological Superconductors.
This paper is organized as follows. In Sec. II, we first
present the main results of our work providing our defini-
tions of higher-order topology, the Kitaev limit, and the
Majorana counting rule. In Sec. III, we define the Kitaev
building blocks and classify all Kitaev superconductors
with the concept of 2d polarization. We then explicitly
derive the Majorana counting rule as a necessary and
sufficient condition for higher-order topology for Kitaev
superconductors. In Sec. IV, we provide explicit con-
structions of Kitaev superconductors with higher-order
topology to demonstrate our Majorana counting rule for
different stacking strategies. The beyond-indicator mod-
els are presented and discussed in this section. In Sec.
V, we conjecture a possible universal diagnosis for higher-
order topology in all Wannierizable superconductors, as
well as those with fragile Wannier obstructions. This
conjecture is verified in Sec. VI for a realistic example
that hosts both higher-order topology and fragile Wan-
nier obstruction. The conclusion is presented in Sec. VII.
II. MAIN RESULTS
This section summarizes our main results in this work.
We first provide a definition of symmetry-protected
higher-order topology for 2d class D superconductors.
We then define the Kitaev limit, a key concept in this
work and a natural language for describing higher-order
topological superconductors. Finally, we present a sim-
ple Majorana counting rule as a higher-order topological
diagnosis for general Kitaev superconductors.
A. What is a Higher-order Topological
Superconductor?
A 2d class D superconductor is defined to have
symmetry-protected higher-order topology if
(i) its bulk BdG spectrum is gapped;
(ii) it has no 1d anomalous Majorana boundary modes;
(iii) it has 0d Majorana zero modes exponentially local-
ized on its symmetric boundary;
(iv) while preserving the symmetry, the Majorana zero
modes cannot be eliminated without closing the
bulk gap.
4FIG. 1. A schematic of 2d inversion-protected higher-order
TSC with a pair of corner-localized Majorana modes. To
preserve the inversion symmetry, the Kitaev chains attached
to the edge must come in pairs. Since a pair of Kitaev chains
will necessarily add 4 Majorana zero modes to the edge, the
corner Majorana physics cannot be essentially eliminated.
This definition is inspired by the phenomenological fact
that a 2d higher-order TSC generally features gapped
edge states and 0d boundary Majorana modes that are
most likely localized around the corners. Notably, the
presence of 0d boundary Majorana modes does not guar-
antee a bulk higher-order topology by itself. It is the
necessary crystalline-symmetry protection that promotes
such 0d boundary Majorana modes to a hallmark of non-
trivial bulk topology.
The crucial role of symmetry protection can be under-
stood as follows. Consider a 2d higher-order TSC with
a (crystalline) symmetry G on a symmetry-preserving
open geometry. We then define NG as the number of 0d
Majorana modes on the 1d edge “modulo” the symmetry
G. Namely, if two distinct boundary Majorana modes
are related by any symmetry operation in NG , they
will be counted as the same Majorana mode in defining
NG . If NG is odd, it is obvious that the 0d Majorana
modes cannot be eliminated by any G-preserving edge
perturbation (e.g. attaching 1d Kitaev chains in a
G-symmetric way). This robustness of 0d Majorana
modes is exactly a manifestation of G-protected higher-
order bulk-boundary correspondence. This analysis also
provides an alternative yet equivalent definition that a
2d class D superconductor is G-protected higher-order
topological if and only if NG is odd.
In this work, we focus on the BdG systems with 2d
spatial inversion symmetry I to demonstrate our general
theory of higher-order TSCs. Practically, NI , the num-
ber of Majorana zero modes modulo I, can be simply
counted on one x-edge and one y-edge, as well as the cor-
ner shared by the edges. Then by definition, an inversion-
protected higher-order TSC is typically featured by two
Majorana modes that are spatially separated at the oppo-
site corners [30]. As a schematic example in Fig. 1, sym-
metrically coupling Kitaev chains to the boundary of an
inversion-symmetric higher-order TSC can only shift the
position of corner Majorana modes, but can never elim-
inate them. Therefore, this boundary configuration is
stable against any boundary perturbations that preserve
inversion symmetry, a hallmark of inversion-protected
higher-order topology.
The higher-order TSCs that will be discussed in
this work are Wannierizable, similar to recently pro-
posed electronic insulators with fractional corner charges
[25, 63–65]. Notice that the Wannierizability of corner-
charged electron systems prevent them from having sta-
ble gapless bound states at the edges, since such bound
state can always be removed by an applied smooth poten-
tial at the edge. In contrast, in-gap 0d Majorana modes
on the boundary of a higher-order topological supercon-
ductor are robustly pinned at zero energy by the particle-
hole symmetry. This crucial difference thus allows the
existence of Wannierizable topological superconductors,
which turn out to be most likely higher-order topologi-
cal. This is one important motivation for us to consider
Wannierizable higher-order topological BdG systems in
this work.
B. Kitaev Limit for Superconductors
Higher-order topological superconductors are defined
by the existence of anomalous unpaired Majorana modes
at the boundaries. Following Kitaev [7], representing a
BdG Hamiltonian in terms of Majorana fermions pro-
vides a natural representation to include the particle-
hole symmetry. However, such Majorana representation
introduces an additional constraint, which has no ana-
log in the case of insulators, that Majorana fermions
must appear in pairs on any so-called atomic site. For
the purpose of superconductors, an ”atomic site” R is
any position that we place a pair of Majorana fermions
(or equivalently an electron and a hole) in the dis-
cretized BdG Hamiltonian. The on-site transformation
between an electron operator c†R and the correspond-
ing pair of Majorana fermions αR and βR is given by
c†R = (αR − iβR)/
√
2.
A big advantage of the Majorana representation is that
the electron-electron, hole-hole, and electron-hole cou-
plings now become coupling or bondings among the Ma-
jorana operators. As shown in Fig. 2, when two Majo-
rana fermions (the red and blue dots) are coupled with
each other, we can pictorially connect them with a line to
demonstrate the existence of a Majorana bond. In this
work, we only consider the Majorana bonds that are lo-
cal in space. Based on the Majorana representation, we
define a special class of BdG systems:
• In the Majorana representation, a BdG system
with periodic boundary conditions is in the “Ki-
taev limit”, if every Majorana fermion is attached
to exactly one Majorana bond. Such BdG system
is termed as a Kitaev superconductor.
The Kitaev limit is one of the key concepts in our
work. It is physically motivated by the pioneering work
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FIG. 2. An example of Kitaev limit with two pairs of Majo-
rana fermions within each unit cell. Each Majorana fermion
has exactly one Majorana bond attached. The maximally
localized Wannier orbital sits at each bond center.
of Kitaev [7], in which he found a special limit of a 1d
spinless p-wave superconductor model (often known as
a Kitaev chain) that is exactly solvable. While Kitaev’s
original idea aims at understanding the boundary
physics in 1d class D TSCs, we generalize this concept to
two and higher dimensions for any symmetry class [66].
We will see that the concept of Kitaev limit provides a
natural framework to describe higher-order topological
superconductors with 0d Majorana zero modes.
We emphasize that all Kitaev superconductors are fea-
tured by both a bulk energy gap and a description with
maximally localized BdG Wannier functions. The bulk
gap arise from the fact that every Majorana fermion is
uniquely paired with another nearby Majorana fermion.
The Majorana bond also leads to a exponentially local-
ized Wannier function sitting at the bond center. For
a Kitaev superconductor with bonds connecting only on-
site or nearest-neighboring Majorana fermions, the range
of the Wannier function is restricted within one unit cell.
Adding any additional Majorana bonds to this Kitaev
superconductor will only further delocalize the spatial
profile of the Wannier function. This is why the Wannier
functions of a Kitaev superconductor are maximally lo-
calized. Since the Majorana representation and the Wan-
nier representation with maximally localized Wannier or-
bitals are essentially the two sides of the same coin, they
will be used interchangeably in this work.
A schematic example of a 2d Kitaev superconductor is
shown in Fig. 2. Within one unit cell, we have consid-
ered two atomic sites (the gray disks) that coincide with
each other [67]. Each atomic site hosts a pair of Majo-
rana fermions αR (the red dot) and βR (the blue dot). In
particular, every Majorana fermion is only connected to
one distinct Majorana fermions through a intersite Ma-
jorana bond (the green line), which clearly satisfies the
definition of Kitaev limit. For demonstration, we also
plot the maximally localized BdG Wannier orbitals (the
purple triangles) sitting at the bond center.
Our definition of the Kitaev limit relies on physical
Majorana degrees of freedom and thus distinguishes a
superconducting BdG system from a particle-hole sym-
metric electron system with no superconductivity. This
fact is crucial for discussing a topological classification
for superconductors.
C. Condition of Higher-order Topology for Kitaev
Superconductors
If an inversion-symmetric Kitaev superconductor has
n
(A)
i atomic sites and n
(W )
i Wannier orbitals at maximal
Wyckoff position q1i for i ∈ {a, b, c, d}, it has inversion-
protected higher-order topology if and only if
∆b,c,d ≡ 1 (mod 2). (1)
where we have defined a set of Majorana counting num-
bers as
∆i = n
(W )
i − n(A)i . (2)
This simple counting of bulk atomic sites and Wannier
orbitals provide a necessary and sufficient condition for a
general Kitaev superconductor to be higher-order topo-
logical, which is thus dubbed the “Majorana counting
rule”.
For 2d inversion-symmetric systems, we have defined
the maximal Wyckoff positions as the real-space positions
invariant under I operation, up to lattice translations.
Within one unit cell, we label the maximal Wyckoff po-
sitions as
q1a = (0, 0), q1b = (
1
2
, 0),
q1c = (0,
1
2
), q1d = (
1
2
,
1
2
), (3)
where the lattice constants are set to be ax = ay = 1 for
simplicity.
Physically, the position information of atomic sites de-
termines how crystalline symmetries are implemented in
a BdG system, which provides necessary symmetry con-
straint for choosing a symmetric open boundary. There-
fore, it is the countings of both atomic sites and Wannier
orbitals that together determine the boundary Majorana
information on a symmetric Kitaev superconductor.
We will explicitly derive the Majorana counting rule
in the coming Sec. III D. The concept of Kitaev limit
and the Majorana counting rule are the most important
results in this work.
III. CLASSIFICATION OF KITAEV
SUPERCONDUCTORS AND MAJORANA
COUNTING
In this section, we will elaborate on our main results
summarized in the previous section by systematically
classifying 2d Kitaev superconductors and explicitly de-
riving the Majorana counting rule as a powerful diagnosis
for higher-order topology.
6A. Kitaev Building Blocks
The key to classify all these Kitaev superconductors
for a specific symmetry class is to identify a set of mini-
mal/simplest symmetry-allowed Kitaev superconductors
as a complete basis, based on which one can construct
more complicated situatons. This set of minimal Kitaev
superconductors are termed “Kitaev building blocks”.
For a symmetry groupG, the d-dimensional Kitaev build-
ing blocks are defined as all d-dimensional Kitaev super-
conductors that (i) preserve all symmetries in G; (ii) can
NOT be decomposed into a superposition of any other
G-preserving d-dimensional Kitaev superconductors.
For 2d class D Kitaev superconductors with inversion
symmetry, there exist four distinct Kitaev building blocks
κi with i ∈ {a, b, c, d}, which are constructed by placing
one atomic site at q1a and one maximally localized BdG
Wannier orbital at a maximal Wyckoff position q1i in the
Wannier representation.
While a Wannier orbital could be even (s-like) or odd
(p-like) under inversion operation, the specific orbital
type is irrelevant for our most discussions. In Fig. 3
(a) - (d), we schematically plot those four Kitaev build-
ing blocks κa,b,c,d. As before, we use the gray disk at q1a
to denote the atomic sites and the colored dots to de-
note the maximally localized Wannier orbitals. Map the
Wannier representation back to the Majorana representa-
tion, we arrive at Fig. 3 (e) - (h), which demonstrate the
Majorana bonding configurations for the Kitaev building
blocks.
In principle, one can always place a Wannier orbital
on some non-maximal Wyckoff position qα that is not
invariant under inversion operation I. Then we are re-
quired to place another Wannier orbital at a different but
inversion-related Wyckoff position Iqα just to preserve
the inversion symmetry. On the other hand, we can al-
ways simultaneously move the Wannier orbital at qα and
the other one at Iqα to any maximal Wyckoff position
in an adiabatic and symmetric way. Therefore, putting
Wannier orbitals on non-maximal Wyckoff positions is
always equivalent to a double-stacking of some Kitaev
building blocks κi. This is why the four Kitaev building
blocks in Fig. 3 form a complete basis set for general
Kitaev superconductors.
B. Polarization and Topological Classification for
Kitaev Superconductors
To further characterize the topological properties of
Kitaev building blocks, we define a 2d polarizaton P =
(Px, Py) for Kitaev superconductors as the net relative
displacement vector between the atomic sites and the
Wannier orbitals, where Px,y are defined modulo the lat-
tice constants. By definition, the polarization Pκi for a
Kitaev building block κi is exactly the Wyckoff position
of its Wannier orbital,
Pκi = q1i. (4)
It should be emphasized that our definition for the polar-
ization P of Kitaev superconductors is purely geometric.
In particular, P should NOT be confused with the phys-
ical charge polarization for insulators [68], which is only
well-defined in the presence of charge U(1) symmetry.
Here we use the term “polarization” for P just to follow
the convention in electron systems.
It is straightforward to see that inversion symmetry
requires both components of polarization vector Px,y to
be quantized to either 0 or 1/2 modulo 1. In addition, we
find the quantized value of P is directly linked with weak
topological phenomena. When Px(y) = 1/2, the Kitaev
superconductor displays weak topology [69], with its edge
normal to the x(y)-direction hosting a non-degenerate
edge Majorana flat band.
A pictorial understanding of the weak topology for the
Kitaev building blocks is clearly explained in Fig. 3 (e) -
(h). Take the building block κd with P = (1/2, 1/2) as an
example. As shown in Fig. 3 (h), κd on an open geome-
try clearly hosts unpaired Majorana zero modes [colored
circles in Fig. 3 (h)] in both x and y edges. If we cal-
culate the edge spectrum for κd, the unpaired Majorana
modes will form a single flat band at exactly zero energy
for both x and y edges, a hallmark for 2d weak TSCs.
Similarly shown in Fig. 3 (b) and (c), κb and κc also host
non-degenerate edge Majorana flat bands on their x and
y edges, respectively. Their P values agree with the exis-
tence of weak topology. Since all Kitaev superconductors
can be constructed with the Kitaev building blocks, it is
clear that this bulk-boundary correspondence between P
and edge Majorana bands should generally hold.
For each building block with open boundary condi-
tions, it is straightforward to count the dangling Majo-
rana zero modes on the boundary. In Fig. 3 (e) - (h),
we use Nx and Ny to respectively denote the numbers
of dangling Majorana modes on each x and y edge. We
explicitly show how Nx,y scale with Lx,y, which are the
numbers of unit cells along x and y directions. Notably,
(Nx, Ny) will provide an important input for deriving the
Majorana counting rule in Sec. III D.
In principle, one can go beyond the Kitaev limit and
deform a completely flat edge Majorana band into a dis-
persing one, as shown in Fig. 4. Such dispersing Majo-
rana edge band is also anomalous and cannot be realized
in any 1d bulk BdG system. This is because particle-hole
symmetry will require the edge Majorana band to cross
zero energy at kedge = 0, pi, manifesting its Majorana
nature.
With the bulk-boundary correspondence of P, we now
classify all 2d Kitaev superconductors into three topo-
logically inequivalent classes: (i) trivial Kitaev supercon-
ductors with no weak or higher-order topology; (ii) weak
TSCs with P 6= 0; (iii) higher-order TSCs with P = 0.
Even beyond the Kitaev limit, we still expect that this
topological classification should generally hold for any 2d
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(a) (b) (c) (d)
(e) (f) (g) (h)
FIG. 3. The Wannier representations and the Majorana representations for each Kitaev building block are shown in (a) - (d)
and (e) - (h), respectively. The dangling Wannier orbitals and Majorana zero modes are shown in colored circles. (Nx, Ny)
shows the numbers of dangling Majorana zero modes for one x edge and one y edge, respectively.
Valence Band
Conduction Band
𝑬
𝒌edge
−𝜋 0 𝜋
0
FIG. 4. A schematic for a dispersing edge Majorana band in
a weak TSC. This edge band is anomalous and is enforced to
cross zero energy at high-symmetry momenta (colored dots)
in the edge Brillouin zone.
Wannierizable superconductors.
C. Atomic Site, Stacking, and Open Boundary
Conditions
Now let us elaborate on another key ingredient for un-
derstanding the higher-order topology in Kitaev super-
conductors, which is the role of atomic sites in defining
an inversion-symmetric open boundary. With the Kitaev
building blocks as a complete set of basis, we will show
that the choice of symmetric open boundary is closely
related to how we “stack” the Kitaev building blocks.
In principle, there are two distinct stacking strategies
with the Kitaev building blocks to generate all possible
Kitaev superconductors:
• Face-to-face stacking: The atomic sites of all
stacked building block coincide with each other in
real space at q1a.
• Displaced stacking: The atomic sites of some
stacked building blocks are different from q1a.
As a reference point, we always assume the existence of
at least one building block, whose atomic site coincides
with the origin q1a. For the displaced stacking, when we
place the atomic site of an Kitaev building block κi at
some general/maximal Wyckoff position q, we also put
its corresponding Wannier orbital at q+ q1j in order to
make the building block well-defined.
After the face-to-face stacking, the composite system
has no sublattice degree of freedom. Since the inversion
center is always set at the origin q1a in our convention,
any rectangular open geometry with an odd-integer num-
ber of unit cells along x and y directions would preserve
the inversion symmetry.
For the displaced stacking, however, the collection of
atomic sites within one single unit cell are not invariant
under its inversion center as a whole. Therefore, in an
open geometry with an integer number of unit cells, we
will inevitably eliminate some atomic sites on the bound-
ary to preserve the global inversion. For illutration, we
plot in Fig. 5 four inequivalent displaced stacking con-
figurations. For an open geometry with Lx × Ly unit
cells (Lx,y ∈ odd), if we place one atomic site at q1a and
another at q1b (q1c), the number of atomic sites being
disregarded (shown in red circle) is exactly Ly (Lx), as
shown in Fig. 5 (a) and (b). If we place one atomic site
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# of sites 
removed
Position 
of Site
𝒒1𝑎 𝒒1𝑏 𝒒1𝑐 𝒒1𝑑
0 𝐿𝑦 𝐿𝑥 𝐿𝑥 + 𝐿𝑦 − 1 2(𝐿𝑥 + 𝐿𝑦 − 1)
General 𝒒
(e)
FIG. 5. The solid dots form inversion-symmetric open lattice
geometries for atomic site configurations in (a) - (d). Bound-
ary atomic sites that need to be eliminated to preserve inver-
sion symmetry are shown in colored circles. In (e), we list the
number of atomic sites that need to be removed for an open
geometry with Lx × Ly unit cells if we assign an atomic site
to a specific Wyckoff position.
at q1a and another at q1d, the number of sites being ig-
nored is actually Lx +Ly − 1, with this extra −1 coming
from the corner atomic site shared by the x and y edges,
as shown in Fig. 5 (c). On the other hand, if an atomic
site (red dot) is placed at a non-maximal Wyckoff posi-
tion q, there must be another atomic site (purple dot)
at the inversion-related position Iq to preserve the in-
version symmetry, as shown in Fig. 5 (d). In this case,
the number of removed atomic sites on the boundary is
2(Lx +Ly− 1). To summarize, we have listed the results
in Fig. 5 (e).
D. The Majorana Counting Rule: A Derivation
Now we are ready to derive the bulk Majorana count-
ing rule for Kitaev superconductors.
As shown in Fig. 3, we first notice that the number of
dangling Majorana modes for each Kitaev building blocks
is exactly half the number of dangling Wannier orbitals
in its Wannier representation. This is simply because
the Wannier orbitals in Fig. 3 are only shown for the
occupied states, while their particle-hole partners for the
unoccupied states exactly sit at the same location. Sim-
ilar to a Kitaev chain, such particle-hole pair of Wannier
orbitals on the boundary essentially originate from a non-
local superposition of one α-type Majorana fermion and
one β-type Majorana fermion. This completes the map-
ping between the Majorana representation and the Wan-
nier representation for a general Kitaev limit with open
boundary conditions.
Recall that in Fig. 3, we also list (Nx, Ny) for each
building block with Lx by Ly unit cells. So one might
naively expect that, NI(κi), the number of boundary
Majorana modes modulo I for a building block κi, is
simply Nx + Ny. However, we will then have missed
a crucial fact that some boundary atomic sites must be
removed along with their Wannier orbitals to preserve the
inversion symmetry, as we have discussed in Sec. III C.
To implement a correct counting of boundary Majo-
rana modes, we consider a general Kitaev limit with
n
(A)
i atomic sites and n
(W )
i Wannier orbitals at maxi-
aml Wyckoff position q1i. On an open geometry with
complete Lx × Ly unit cells, we have NI (0) = Lyn(W )b +
Lxn
(W )
c + (Lx + Ly − 1)n(W )d Majorana modes dangling
on the boundary. On the other hand, following Fig. 5
(e), we also need to remove NI (1) = Lyn(A)b + Lxn(A)c +
(Lx + Ly − 1)n(A)d numbers of atomic sites along with
their Wannier orbitals (or equivalently boundary Majo-
rana modes). All these countings together lead to
NI = Lx(∆c + ∆d) + Ly(∆b + ∆d)−∆d, (5)
where we have defined the Majorana counting number
∆i = n
(W )
b − n(A)b . Since we only care about the odd-
ness of NI , we will not count any contributions from
both atomic sites and Wannier orbitals at a non-maximal
Wyckoff position, which only contribute evenly to NI .
On the other hand, we hope to rule out the possibility
of weak TSCs by imposing a polarization constraint P =
0. It is then straightforward to show that a vanishing P
is equivalent to
∆b + ∆d ≡ ∆c + ∆d ≡ 0 (mod 2). (6)
Together with Eq. 5, we find that the condition for host-
ing higher-order topology with an odd NBI is only possi-
ble when ∆b,c,d are all odd. This is exactly the Majorana
counting rule that we have stated in Sec. II C. Remark-
ably, this simple counting rule only relies on the position
information of atomic sites and Wannier orbitals.
In the following section, we will construct explicit ex-
amples to demonstrate both the stacking-based construc-
tion of Kitaev superconductors with higher-order topol-
ogy and how they can be correctly diagnosed via the
Majorana counting rule.
IV. BUILDING-BLOCK CONSTRUCTION OF
HIGHER-ORDER TSCS
In this section, we construct explicit examples of Ki-
taev superconductors with higher-order topology follow-
ing different stacking strategies. In particular, we will
9propose several stacking recipes as a guidance for con-
structing higher-order TSC phases. Some of the exam-
ples are beyond the detection of the existing symmetry
indicators.
A. Face-to-face Stacking
Let us first focus on the face-to-face stacking strategy.
Starting from the Majorana counting rule, we first derive
a simple stacking recipe that necessarily leads to higher-
order topology. We will then construct a minimal face-
to-face stacking model with higher-order topology that
demonstrate both the stacking reciple and the counting
rule.
1. Recipe of Face-to-face Stacking
For face-to-face stacking of the Kitaev building blocks,
by definition, all the atomic sites sit at the unit-cell origin
q1a. Therefore, if we stack ni copies of building block κi
with i = a, b, c, d, the counting numbers are given by
∆a = −(nb + nc + nd), ∆b = nb,
∆c = nc, ∆d = nd. (7)
According to the Majorana counting rule, we immedi-
ately arrive at the following stacking recipe for higher-
order TSC:
• Stacking Recipe #1: Face-to-face stacking ni
copies of building block κi (i = a, b, c, d) will lead
to higher-order topology if and only if nb,c,d ∈ odd.
According to this recipe, the minimal face-to-face
stacking model that hosts higher-order topology is to
choose nb = nc = nd = 1. In the following, we will
construct such minimal tight-binding model and explic-
itly demostrate the existence of corner-localized Majo-
rana zero modes.
2. A Minimal Face-to-face Stacking Model with
Higher-order Topology
We consider three electron orbitals labeled by an or-
bital index l = b, c, d at Wyckoff position q1a, as well
as the corresponding hole partners. The electron annihi-
lation and creation operators can be written as a linear
superposition of Majorana operators αR,l and βR,l as
cR,l =
αR,l + iβR,l√
2
, c†R,l =
αR,l − iβR,l√
2
. (8)
A schematic plot of the lattice configuration in the Ma-
jorana representation is shown in Fig. 6 (a), where the
red dots and the blue dots denote α-type and β-type Ma-
jorana degrees of freedom, respectively.
To realize the face-to-face stacking, we introduce the
following inter-unit-cell Majorana bonds shown in Fig. 6
(a):
(i) the red bond t1 connects αR,b and βR+ax,b, which
realizes a copy of κb with P = ( 12 , 0);
(ii) the purple bond t2 connects αR,c and βR+ay,c,
which realizes a copy of κc with P = (0, 12 );
(iii) the green bond t3 connects αR,d and βR+ax+ay,d,
which realizes a copy of κd with P = ( 12 , 12 ).
As a demosntration, the configuration of BdG Wannier
orbitals is schematically plotted in Fig. 6 (c), where the
color of each Wannier orbital matches with that of its
corresponding Majorana bond.
While the colored Majorana bonds necessarily gap out
the bulk states, there are still some unwanted dangling
Majorana modes (or equivalently dangling Wannier or-
bitals) on the edge, as shown by the open circles in Fig.
6 (a) and (c). To further remove these in-gap edge de-
gree of freedom, we introduce additional weak Majorana
bonds among different species of Majorana modes within
one unit cell, as shown by the black dashed lines. There-
fore, in terms of Majorana operators, the Hamiltonian
consists of hsb describing the colored strong bonds and
hwb for the dashed weak bonds. In the Majorana repre-
sentation, we have
hsb = i
∑
R
[t1αR,bβR+ax,b + t2αR,cβR+ay,c + t3αR,dβR+ax+ay,d],
hwb =
∑
R
[iu12(αR,bαR,c + βR,bβR,c) + iu23(αR,cαR,d + βR,cβR,d) + iv12(αR,bβR,c + αR,cβR,b)
+iv23(αR,cβR,d + αR,dβR,c)]. (9)
In the momentum space, we consider the following BdG basis
Ψ(k) = (ck,b, ck,c, ck,d, c
†
−k,b, c
†
−k,c, c
†
−k,d)
T , (10)
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FIG. 6. Our minimal model for a nontrivial face-to-face stacking in the Majorana representation is shown (a). The red and
blue dots denote α and β Majorana fermions, while the colored circles in (a) denote unpaired boundary Majorana fermions for
hsb. In particular, the colored solid (black dashed) lines denote the strong Majorana bonds in hsb (weak Majorana bonds in
hwb). The parity data for each high-symmetry momentum is shown in (b). We plot in (c) the distribution of BdG Wannier
orbitals, with the large grey dots for the atomic sites and the small colored dots (or circles) for the Wannier orbitals. (d) shows
the energy spectrum of H1(k) in an open geometry. There exists a pair of Majorana zero-energy modes (highlighted in red)
that are localized on the top-left and bottom-right corners, as shown in the inset of (d).
and the above Hamiltonians become
H1(k) =

t1 cos kx iu12 + v12 0 it1 sin kx 0 0
−iu12 + v12 t2 cos ky iu23 + v23 0 it2 sin ky 0
0 −iu23 + v23 t3 cos(kx + ky) 0 0 it3 sin(kx + ky)
−it1 sin kx 0 0 −t1 cos kx iu12 − v12 0
0 −it2 sin ky 0 −iu12 − v12 −t2 cos ky iu23 + v23
0 0 −it3 sin(kx + ky) 0 −iu23 + v23 −t3 cos(kx + ky)
 (11)
The inversion operator for the bulk Hamiltonian H1(k)
is given by I = τz ⊗ 13. Here τz is a Pauli matrix for
the particle-hole index and 13 is a 3× 3 identity matrix
characterizing the orbital index l. For our choice of pa-
rameters, it is easy to check that the parity data for the
occupied bands at each high-symmetry momenta is given
by Fig. 6 (b). Notably, such parity data directly implies
a “double band inversion” at Γ point [51] and agrees with
a prediction of higher-order TSC from existing symmetry
indicators [57, 59–61].
To confirm H1(k) as a higher-order TSC, we calculate
its energy spectrum on a square lattice with open bound-
ary conditions in both x and y directions. As shown in
Fig. 6 (d) and its inset, we indeed find a pair of corner-
localized Majorana zero modes, which unambiguously
demonstrate the inversion-protected higher-order topol-
ogy in our system. We note that the corner Majorana
modes in Hf has vanishing localzation length, which is
similar to the Kitaev limit of a 1d Majorana chain. This
numerical result agrees with our Majorana counting rule
and the stacking recipe #1.
In fact, we do expect that symmetry-eigenvalue-based
diagnosis can determine the higher-order topology for all
our face-to-face stacking models. This is related to the
fact that face-to-face stacking models are defined to have
momentum-independent representation for the inversion
symmetry, as will be discussed in details in Sec. IV C 2.
B. Displaced Stacking with the Same Building
Blocks
To go beyond the face-to-face stacking, we now turn
to a more general situation where the building blocks
are stacked in a displaced way. Specifically, the atomic
sites of the building blocks do NOT have to coincide
at q1a. This stacking strategy inspires us to define a
displacement vector d = (dx, dy) to characterize the
displacement between the atomic site and the origin
q1a. Since only the atomic sites and Wannier orbitals
sitting at maximal Wyckoff positions can contribute to
the higher-order topology, the components of d must be
half-integer-valued with respect to the lattice constant
with dx,y ∈ {0, 12}. From now on, we will denote that
a building block is sitting at a Wyckoff position q if its
atomic site coincides with q.
Let us first start with the displaced stacking construc-
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tion with only one kind of building block, i.e. ni copies
of building block κi (i = b, c, d). To avoid Majorana edge
band, we first require ni ∈ even to trivialize bulk polar-
ization P. In addition, we will ignore the case where an
even number of building blocks of the same kind share
the same atomic site, because such stacked system is al-
ways topologically trivial. As a result, it is sufficient to
consider a simple double-stacking model with ni = 2,
where one building block κi sits at q1j1 and another
building block κi sits at q1j2 for j1 6= j2 ∈ {a, b, c, d}.
Such double-stacking model is uniquely characterized by
a relative displacement vector δd(i) = q1j2 − q1j1 , where
the superscript i labels the type of building block.
For the double-stacking models, we have identified a
necessary and sufficient condition for the presence of
higher-order topology, which can be easily tested.
• Stacking Recipe #2: A double-stacking system
with building block κi is higher-order topological if
and only if the relative displacement vector δd(i) 6∈
{q1a,q1i} for i ∈ {b, c, d}.
For example, a topologically trivial example can be
constructed by placing one κb at q1a and another κb at
q1b such that δd
(b) = q1b. This can be understood from
the Majorana counting rule, since we now have an equal
number of atomic sites and Wannier orbitals for all max-
imal Wyckoff positions and consequently all Majorana
counting numbers are zero.
However, if we move the κb at q1b to q1c, the system
is then expected to be higher-order topological following
the recipe, since δd(b) = q1c. From the counting per-
spective, we have one atomic site (Wannier orbital) at
q1a and q1c (q1b and q1d), respectively, which directly
indicates nontrivial counting numbers
∆a = −∆b = ∆c = −∆d = −1 (12)
In the remaining part of this subsection, we will check
this prediction by constructing a corresponding minimal
double-stacking model and explicitly demonstrating the
existence of corner-localized Majorana zero modes.
1. A Minimal Double-Stacking Model with Higher-order
Topology
The minimal double-stacking model with a relative dis-
placement vector δd(b) = q1c is schematically shown in
Fig. 7 (a), where red and blue dots denote α-type and
β-type Majorana operators. The lattice constants ax and
ay are also shown in Fig. 7 (a). For our purpose, we in-
clude two pairs of Majorana modes within one unit cell,
with one pair at rA = q1a = (0, 0) with a sublattice index
A and another pair at rB = q1c = (0,
1
2 ) with an index
B. The Majorana operators are related to the electron
creation and annihilation operators as
cR,l =
αR,l + iβR,l√
2
, c†R,l =
αR,l − iβR,l√
2
, (13)
where l = A,B is the sublattice index and R is the lattice
vector that defines the unit cell.
Three types of Majorana bonds are considered in this
minimal model. As shown in Fig. 7 (a),
(i) the green bond t connects βR,l and αR+ax,l, which
realizes a copy of κb for individual sublattice if they
are the strongest bonds;
(ii) the dashed orange bond mα connects αR,B and
αR+ay,A;
(iii) the solid orange bond mβ connects βR,A and βR,B .
Then the model Hamiltonian in the Majorana represen-
tation is given by
H2(k) = itβR,lαR+ax,l + imααR,BαR+ay,A
+imββR+ay,BβR,A. (14)
The inversion operation will switch between α and β as
I
(
αR,l
βR,l
)
=
(
0 −1
1 0
)(
αR′,l
βR′,l
)
, (15)
where R and R′ are related by inversion symmetry. It is
easy to check that inversion symmetry will enforce mα =
mβ = m.
Back to the fermion basis, we consider the Fourier
transformation
cR,l =
∑
k
eik·(R+rl)ck,l, (16)
and the momentum-space Hamiltonian is
H2(k)
=

−t cos kx −im cos ky2 it sin kx m sin ky2
im cos
ky
2 −t cos kx m sin ky2 it sin kx
−it sin kx m sin ky2 t cos kx −im cos ky2
m sin
ky
2 −it sin kx im cos ky2 t cos kx
 .
(17)
in the Nambu basis
Ψ(k) = (ck,A, ck,B , c
†
−k,A, c
†
−k,B)
T . (18)
We note that H
(d)
x (k) can be diagonalized analytically
with eigen-energy as
E = ±
√
m2 + t2 ± 2mt cos ky
2
. (19)
Therefore, there exists a topological phase transition
(bulk gap closing) at |t| = |m| that separate two distinct
phases.
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FIG. 7. The Majorana representation of the minimal double-stacking model H2(k) is shown in (a). The topological phase
diagram of H2 as a function of |m/t| is shown in (b). We plot the energy spectrum for the higher-order TSC phase on an
open geometry in (c) and list its parity data in (d). The energy spectrum and the parity data for the weak TSC phase with
P = (0, 1
2
) are shown in (e) and (f), respectively.
2. H2(k) with |t| > |m|: A Higher-order TSC
When |t| > |m|, we consider the Kitaev limit by set-
ting |m| → 0. Then the BdG Wannier orbitals of the
double-stacking model are exactly localized at the center
of the green Majorana bonds. Therefore, the system is
equivalent to a stacking of one κb at q1a and another κb
at q1c, which is featured by a relative displacement vec-
tor δd(b) = q1c. According to our stacking recipe #2,
this phase is diagnosed to be a higher-order TSC.
To confirm its higher-order nature, we numerically cal-
culate the energy spectrum of this double-stacking model
with t = 1.2 andm = 1 on an open geometry. To preserve
the inversion symmetry, it is crucial to choose only the
atomic sites with a sublattice index l = A as the edge
termination for both the upper and the lower y-edges,
similar to the lattice geometry in Fig. 7 (a). Just as we
expect, the energy spectrum in Fig. 7 (c) hosts a pair of
Majorana modes exactly at zero energy. In the inset of
Fig. 7 (c), we further plot the wavefunction distribution
in the real space for both Majorana modes. Sitting in the
opposite corners of the lattice, these Majorana modes are
indeed corner-localized and unambiguously signals the
inversion-protected higher-order topology.
In Fig. 7 (d), we further list the parity data of this
higher-order TSC phase at each high-symmetry momen-
tum. To correctly calculate the parity data, we need
to modify the Fourier transformation in Eq. 16 to
cR,l =
∑
k e
ik·Rck,l. Then the inversion operator is found
to be k-dependent with
I =

1
eiky
−1
−e−iky
 . (20)
To understand the parity data intuitively, we first note
that the system is essentially an array of x-directed Ki-
taev chain in the Kitaev limit m→ 0. Thus, the system
has only one occupied band and the parity data is simply
[(+)Γ, (−)X , (+)Y , (−)M ]. (21)
Here (+)Γ denotes one positive parity for the occupied
band at Γ point. By turning on m, the system becomes
dimerized along y-direction and leads to Brillouin zone
(BZ) folding in the momentum space. As a result, the
parity data at Y andM will be folded to Γ andM , respec-
tively. We thus have (+,+)Γ and (−,−)X . Meanwhile,
Y˜ = (0, pi2 ) transforms into Y˜
′ = (0,−pi2 ) under inversion,
which is thus not an inversion-invariant momentum be-
fore the BZ folding. When the BZ folding happens, the
BdG states at Y˜ ′ and Y˜ are folded together as the new Y
point and the inversion operation switches between them
as a σx operation. Therefore, the inversion eigenstates at
Y after the BZ folding are necessarily the bonding and
anti-bonding combinations of the states that are origi-
nally from Y˜ and Y˜ ′. As a result, the occupied bands
at Y must host an equal number of “+” and “−” parity
eigenvalues after the BZ folding along ky direction. A
similar argument can be applied to the parity data at
M . Therefore, we arrive at the following parity data for
the higher-order TSC phase
[(+,+)Γ, (−,−)X , (+,−)Y , (+,−)M ], (22)
as shown in Fig. 7 (c).
3. H2(k) with |t| < |m|: A Weak TSC
When |t| < |m|, we take the Kitaev limit by setting
|t| → 0 instead. Then the Wannier orbitals will sit at the
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center of the orange bonds m. To be specific, the sys-
tem has one Wannier orbital at a non-maximal Wyckoff
position q = (0, 14 ) and another at q = (0,
3
4 ). On the
other hand, the two atomic sites sit at q1a and q1c, re-
spectively. According to the Majorana counting rule, we
have
∆a = ∆c = −1, ∆b = ∆d = 0, (23)
and this phase is thus NOT higher-order topological.
In fact, the two Wannier orbitals inside one unit cell
are inversion-symmetric around q1a. As a result, we can
simultaneously move both Wannier orbitals to q1a in a
symmetric and adiabatic way. Then the system is equiv-
alent to a stacking of a κa at q1a and a κc at q1c, which
does not satisfy higher-order condition in our recipe #2.
By counting the relative distance between atomic sites
and the Wannier orbitals, we identify this phase as a weak
TSC with a nontrivial polarization P = (0, 12 ). To verify
this, we calculate the energy spectrum of the weak TSC
phase with open boundary conditions in both directions.
As shown in Fig. 7 (d) and its inset, this weak TSC phase
indeed hosts a single Majorana flat band localized on its
y-edge, as predicted by its polarization. We also show its
parity data in Fig. 7 (e).
C. Displaced Stacking with Different Building
Blocks
We can also stack different Kitaev building blocks in a
displaced way to achieve higher-order topology. While it
is difficult to prove a necessary and sufficient higher-order
topological recipe for displaced stackings with inequiva-
lent building blocks, we do emphasize that our Majo-
rana counting rule still holds for diagnosing the higher-
order topology. Hence, in the following, we will only
provide a minimal example to demonstrate this stack-
ing strategy and leave the proposal of a general recipe
for future works. While hosting intrinsic higher-order
topology, however, this minimal model is found to share
the same parity data with a topologically trivial sys-
tem. Therefore, this model cannot be diagnosed by
the symmetry-eigenvalue-based classification for higher-
order TSC, which represents an example of the beyond-
indicator models.
1. Model Hamiltonian and Higher-order Topology
We now consider a displaced stacking with all four in-
equivalent building blocks: (i) one κa at q1d, (ii) one
κb at q1c, (iii) one κc at q1b, and (iv) one κd at q1a. In
this case, we have four atomic sites distributed at all four
maximal Wyckoff positions and four Wannier orbitals co-
incide at q1d. Following the counting rule, we have
∆a = ∆b = ∆c = −1, ∆d = 3, (24)
and thus the system is predicted to host higher-order
topology.
To confirm this prediction, we consider a topologi-
cally equivalent model H3 by symmetrically moving the
Wannier orbitals at q1d to four non-maximal positions:
( 14 ,
1
4 ), (
3
4 ,
1
4 ), (
1
4 ,
3
4 ), (
3
4 ,
3
4 ), following the procedure in
Fig. 8 (a). We note that such deformation is adiabatic
and should not spoil the higher-order topology since it
only modifies the value of ∆d to −1.
In the Majorana representation, we can realize both
the atomic and Wannier orbital configurations for H3
by constructing a Majorana model shown in Fig. 8 (b).
Notably, the unit cell now consists of four pairs of Ma-
jorana fermions (or equivalently, electron and hole pairs)
at four inequivalent maximal Wyckoff positions. For con-
venience, we will use a two-component sublattice index
(ixjy) with i, j ∈ {A,B} to label the four maximal Wyck-
off positions. For example, we refer q1a as (AxAy) and
q1b as (BxAy), which will be denoted as (AA) and (BA)
for short. As shown in Fig. 8 (b), there are three inequiv-
alent Majorana bonds for H3: (i) the strong green bonds
t that decide the positions of Wannier orbitals; (ii) the
weak (solid and dashed) purple dimer bonds my that re-
move the trivial edge modes on the y-edge; (iii) the weak
(solid and dashed) red bonds mx that remove the triv-
ial edge modes on the x-edge. Just from the schematic
plot in Fig. 8 (a), we already expect that there will be
one single unpaired Majorana mode (shown by the red
and blue circles) on both the top-right and bottom-left
corners of an inversion-symmetric finite-size geometry.
Following Fig. 8 (b), the corresponding Majorana
Hamiltonian H3 consists of three parts: h3,g for the green
bonds, h3,p for the purple bonds, and the h3,r for the red
bonds. In the Majorana representation, we have
h3,g = it
∑
R
[βR,AAαR,BB + βR,ABαR+ay,BA
+βR,BAαR+ax,AB + βR,BBαR+ad,AA],
h3,p = imx
∑
R
[βR,AAβR,BA + αR,AAαR−ax,BA
+βR,ABβR,BB + αR,ABαR−ax,BB ],
h3,r = imy
∑
R
[βR,AAβR,AB + αR,AAαR−ay,AB
+βR,BAβR,BB + αR,BAαR−ay,BB ],
(25)
where we have defined ad = ax + ay for simplicity. When
transforming the Hamiltonian into momentum space, it
is convenient to consider the Fourier transformations for
the real-space Majorana operators. Take α-type Majo-
rana operator as an example,
αR,ij =
∑
k
eik·(R+rij)αk,ij , (26)
where rij is the displacement of the sublattice (ij) away
from the unit-cell origin. The hermiticity of a Majorana
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Γ 𝑋 𝑌 𝑀
(+,+,−,−) (+,+,−,−) (+,+,−,−) (+,+,−,−)
Ax Bx Ax Bx Ax
By
Ay
Ay
By
Ay
(d)
(c)(b)
𝑬
(a)
FIG. 8. Higher-order topology of displaced stacking model H3. In (a), we show the adiabatic process by symmetrically moving
Wannier orbitals at different general Wyckoff positions to a maximal Wyckoff position. The Majorana representation of H3 is
shown in (b). The higher-order topology of H3 is confirmed in (c) and its inset by plotting the energy spectrum on an open
geometry. The parity data for H3 is shown in (d), which is indistinguishable from that of a trivial BdG system. This establishes
H3 as an example that cannot be diagnosed by existing symmetry indicators.
operator requires
αk,ij = α
†
−k,ij . (27)
We consider the following momentum-space Majorana
basis
ΨM =(αk,AA, βk,AA, αk,BA, βk,BA,
αk,AB , βk,AB , αk,BB , βk,BB)
T , (28)
under which the Hamiltonian is given by
H3(k) =

0 0 imxe
i kx2 0 imye
i
ky
2 0 0 −itei kx+ky2
0 0 0 imxe
−i kx2 0 imye−i
ky
2 ite−i
kx+ky
2 0
−imxe−i kx2 0 0 0 0 −itei
kx+ky
2 imye
i
ky
2 0
0 −imxei kx2 0 0 ite−i
kx+ky
2 0 0 imye
−i ky2
−imye−i
ky
2 0 0 −itei kx+ky2 0 0 imxei kx2 0
0 −imyei
ky
2 ite−i
kx+ky
2 0 0 0 0 imxe
−i kx2
0 −itei kx+ky2 −imye−i
ky
2 0 −imye−i kx2 0 0 0
ite−i
kx+ky
2 0 0 −imyei
ky
2 0 −imxei kx2 0 0

(29)
Interestingly, H3 can be diagonalized analytically and
we find that the energy eigenvalues are completely k-
independent:
E = ±
√
t2 + (mx ±my)2. (30)
To further clarify the higher-order nature of H3, we
consider an inversion-symmetric open geometry for H3
and calculate the energy spectrum with t = 1 and
mx = my = 0.5. As shown in Fig. 8 (c) and its in-
set, we confirm the existence of a pair of corner-localized
Majorana zero modes, which agrees with the prediction
from the counting rule.
2. Beyond Symmetry Indicators
We also calculate the parity data for the higher-order
TSC phase of H3(k), which is shown in Fig. 8 (d). The
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inversion operator is given by
I = τz ⊗

1
eikx
eiky
ei(kx+ky)
 (31)
in the fermion basis
ΦF = (ck,AA, ck,BA, ck,AB , ck,BB ,
c†−k,AA, c
†
−k,BA, c
†
−k,AB , c
†
−k,BB)
T . (32)
Interestingly, H3 has an equal number of “+” and “−”
parity eigenvalues for every high-symmetry points. To
understand this parity data, we note that mx and my
are essentially dimer bonds that lead to unit-cell enlarge-
ment. Therefore, the BZ with finite mx,y is actually
folded in both kx and ky directions, in comparison to the
original BZ without the dimers. Similar to the double-
stacking model H2(k), the inversion eigenstates for the
new high-symmetry momenta after the BZ folding are
essentially the bonding and anti-bonding combinations
of energy eigenstates at these momenta that transform
from one to another under inversion. As a result, we will
always have an equal number of energy eigenstates with
“+” and “−” parity eigenvalues at all high-symmetry
momenta.
Now let us consider a topologically trivial Kitaev su-
perconductor with two s-like Wannier orbitals and two
p-like Wannier orbitals at q1a. While this system is
guaranteed to have no topological boundary feature, it
does share the SAME parity data with the above higher-
order TSC model H3. In other words, this trivial model
CANNOT be distinguished from H3 via a symmetry-
eigenvalue-based diagnosis (i.e. symmetry indicators).
This is why we call H3 a “beyond-indicator” model.
To understand the possible limitation of the symmetry
indicators, we emphasize that most symmetry-indicator-
based classification schemes [56, 57, 59–62] have assumed
k-independent matrix representations for the target sym-
metries. An example that satisfies this assumption is sim-
ply our face-to-face stacking model H1 with an inversion
operation I = τz ⊗ 13.
However, this requirement cannot be always fulfilled
for a general BdG system with sublattice degrees of
freedom, which is exatly the case for our H3 model.
Specifically, when the system has atomic sites at q1i for
i = b, c, d, it is usually not possible to “gauge out” the
momentum-dependent phase factor in the matrix repre-
sentation of I. In fact, our model H2 in Sec. IV B is also
a beyond-indicator model, which can be checked easily.
Despite this limitation of symmetry indicators, we em-
phasize that our Majoran counting rule does predict the
correct higher-order topology for both beyond-indicator
models. This is simply because our counting rule is es-
sentially a real-space diagnosis and thus does not reply
on the explicit form of momentum-space representation
for a given crystalline symmetry.
From a different perspective, our displaced stacking
strategy offers a general construction scheme for beyond-
indicator models with momentum-dependent symmetry
representations. We emphasize that a complete topolog-
ical theory for BdG systems must be able to explain all
of the beyond-indicator models constructed via the dis-
placed stacking scheme.
V. A CONJECTURE OF UNIVERSAL
TOPOLOGICAL DIAGNOSIS
The Majorana counting rule has been proved quite suc-
cessful in diagnosing higher-order topology for general
Kitaev superconductors. However, a real-world super-
conductor does not necessarily (and most unlikely) admit
a maximally localized Wannier description. Therefore,
for the practical purpose, it is natural to ask whether it
is possible to go beyond the Kitaev limit and extend this
diagnosis to a general Wannierizable 2d BdG system. We
hope to initiate some efforts along this direction by first
conjecturing that
• A general 2d Wannierizable class D BdG system
with inversion symmetry can always be adiabati-
cally deformed into a Kitaev limit.
This conjecture aims at establishing an exact mapping
between a general Wannierizable superconductor and a
corresponding Kitaev superconductor through adiabatic
evolutions. If this conjecture is true, we will be able to
diagnose the higher-order topology of any Wannierizable
superconductor, following a diagnostic procedure in Fig.
9.
In the following, we briefly go through the proposed
procedure for this conjectured universal diagnosis:
• Step 1: Given a 2d class D superconductor with in-
version symmetry, first check if its Wannierizability.
If the Wannier obstruction is fragile, remove it. If
not, characterize the system as a stable topological
superconductor, where the term “stable” is defined
to describe the robustness of Wannier obstruction.
• Step 2: If there is no stable Wannier obstruction,
connect the system to a Kitaev superconductor adi-
abatically. This procedure can always be done if
our conjecture is true.
• Step 3: Extract the numbers of Wannier orbitals
and atomic sites at each maximal Wyckoff posi-
tions. Calculate Majorana counting numbers.
• Step 4: If the counting numbers are non-trivial,
the system is a higher-order TSC. If not, the sys-
tem could be either a trivial superconductor or a
weak TSC, depending on the explicit value of po-
larization P.
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2d class D superconductor
respects inversion symmetry
Wannierizable Wannier obstruction
Fragile
Wannier obstruction
Reduce to Kitaev
building blocks 
(Conjecture)
Extract # of Wannier orbitals 𝑛𝑖
(𝑊)
and # of atomic sites 𝑛𝑖
(𝐴)
@maximal Wyckoff positions 𝒒1𝑖
Stable TSC 
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Calculate Majorana counting numbers
Higher-order TSCTrivial Weak TSC
No
Nontrivial
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Yes
FIG. 9. The flow diagram of our conjectured universal diag-
nosis for general 2d higher-order TSCs.
While rigoriously proving our conjecture seems difficult
and is beyond the scope of current work, we do have a
strong belief that our conjecture and the proposed diag-
nosis should hold for general Wannierizable superconduc-
tors.
To demonstrate our conjectured universal diagnosis,
in the next section, we will discuss a known higher-order
TSC model in the literature. We will first show that this
model actually hosts fragile Wannier obstruction and is
definitely beyond the Kitaev limit. Nevertheless, we will
follow the universal diagnosis to firt remove the Wannier
obstruction and connect the new Wannierizable system
to a well-defined Kitaev superconductor. This allows us
to understand the origin of higher-order topology for the
original model through a very simple Majorana counting,
which clearly verifies of our conjectured diagnosis.
VI. APPLICATION TO A REALISTIC
HIGHER-ORDER TOPOLOGICAL
SUPERCONDUCTOR
Let us now consider a realistic higher-order TSC that
has been discussed in the literatures [30, 51]. This model
consists of one p+ ip chiral TSC and another p− ip chiral
TSC [30], and is thus a superconducting version of the
“shift insulator” in Ref. [70]. We first present a minimal
tight-binding model of such system and explicitly show
the existence of Majorana corner modes by deriving an
effective edge theory analytically. We then calculate its
Wilson loop spectrum to confirm the inversion-protected
Wannier obstruction, manifested in the nontrivial Wilson
loop winding. However, such Wilson loop winding can be
trivialized if we couple the system with additional Wan-
nier orbitals, which thus confirms the fragility of Wannier
obstruction [71]. By matching the stacked chiral TSC
model with a superposition of Kitaev building blocks,
we provide an understanding of its higher-order topology
with the help of our Majorana counting rule.
A. Model Hamiltonian for Stacked Chiral TSCs
The minimal tight-binding model for two decoupled
chiral TSC is given by
H
(0)
4 = [m0 +m1(cos kx + cos ky)]Γ5
+v(sin kxΓ1 + sin kyΓ2) (33)
where we have defined the generator of 4× 4 Γ matrices
as
Γ1 = τx ⊗ σ0, Γ2 = τy ⊗ σ0, Γ3 = τz ⊗ σx,
Γ4 = τz ⊗ σy, Γ5 = τz ⊗ σz, (34)
These Γ matrices satisfy an anti-commutation relation
{Γi,Γj} = 2δij for i, j ∈ {1, 2, 3, 4, 5}. The other ten Γ
matrices can be generated by Γjk =
1
2i [Γj ,Γk] for j 6= k.
Note that H
(0)
4 is block-diagonal and can be written as
a direct sum of a p+ ip chiral TSC h+ and another p− ip
chiral TSC h−. In particular,
h±(k) = ±[m0 +m1(cos kx + cos ky)]τz
+v(sin kxτx + sin kyτy). (35)
We have defined the particle-hole symmetry as Ξ = Γ1K
and the inversion symmetry as I = Γ5, where K is the
complex conjugation.
We now consider adding symmetry-allowed perturba-
tion H
(1)
4 to remove the accidental edge modes of H
(0)
4 .
To be specific, we hope to find a constant matrix A to pre-
serve both inversion I and the particle-hole symmetry Ξ.
Namely, A should satisfy (i) {A,Ξ} = 0; (ii) [A, I] = 0.
We find the following choice of A:
A = {Γ5,Γ12,Γ14,Γ24}, (36)
which inspires us to define
H
(1)
4 = g1Γ14 + g2Γ24 + g3Γ12, (37)
where we have ignored Γ5 in H
(1)
4 since it is already con-
tained in H
(1)
4 . The complete Hamiltonian for stacked
chiral TSC is thus H4 = H
(0)
4 +H
(1)
4 .
B. Higher-order Topology from a Boundary
Perspective
Before providing any numerical results for H4, we first
demonstrate the origin of its higher-order topology from
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an analytical boundary perspective. We will derive an ef-
fective analytical boundary theory for H4 in a disk geom-
etry and explicitly show the existence of corner-localzied
Majorana zero modes, similar to the approaches in Ref.
[51, 52].
We first treat H
(1)
4 as a small perturbation and expand
h± around Γ point. This leads to an effective Hamilto-
nian around Γ for both chiral TSC block,
hΓ±(k) = ±[m˜0 − m˜1(k2x + k2y)]τz + v(kxτx + kyτy), (38)
where we have defined m˜0 = (m0 + 2m1) and m˜1 =
m1
2 .
In the polar coordinate r =
√
x2 + y2 and θ = tan−1 yx ,
we have k± = e±iθ(kr ± ikθ) with kr = −∂r and kθ =
− ir∂θ. Up to O(k), hΓ± can be written as
hΓ±(r, θ) =
( ±m˜0 ve−iθ(−i∂r − 1r∂θ)
veiθ(−i∂r + 1r∂θ) ∓m˜0
)
.
(39)
We consider a disk geometry with a radius R and solve
for the Majorana wavefunction that is exponentially lo-
calized at r = R. In the large R limit, we find a single
Majorana solution ψ± for h±:
ψ±(l, r, θ) = Nψe±mv (r−R)eilθ
(
e−
i
2 (θ±pi2 )
e
i
2 (θ±pi2 )
)
(40)
with l ∈ Z and a normalization factor Nψ. The energy
dispersion for ψ±(l, r, θ) is
E±,l = ±vl
r
. (41)
Therefore, ψ+ and ψ− represent a pair of chiral Majorana
edge modes propagating in the opposite directions. Now
we are ready to project the perturbation H
(1)
4 onto the
chiral Majorana basis and we arrive at an effective edge
Hamiltonian
Hedge =
vl
r
σz − (g1 sin θ − g2 cos θ)σy. (42)
Therefore, the edge spectrum is given by
Eedge = ±
√
(
vl
r
)2 + (g21 + g
2
2) sin(θ − θ0), (43)
where we have defined θ0 = tan
−1 g2
g1
. Clearly, the bound-
ary gap closes for the chiral Majorana modes with l = 0
only when θ = θ0 and θ = θ0 + pi. Therefore, the sys-
tem hosts a pair of corner-localized Majorana zero modes
at these two inversion-related angles and is thus higher-
order topological by definition.
C. Fragile Wannier Obstruction
We now consider placing H4 on a 15 × 15 lattice and
calculate its energy spectrum. As shown in Fig. 10 (a)
𝑬
𝑘𝑦
𝑘𝑦 𝑘𝑥
𝝎𝟏/𝝅
𝝎𝟏/𝝅 𝝎𝟐/𝝅
(a) (b)
(c) (d)
FIG. 10. We numerically verify in (a) and the inset that
the stacked chiral TSC model H4 is higher-order topological
by calculating its energy spectrum on an open geometry and
confirm its corner-localized Majorana zero modes. In (b), we
calculate the 1d x-directed Wilson loop spectrum ω1(ky). ω1
is found to host a nontrivial winding pattern which directly
implies the existence of Wannier obstruction. In (c), we ex-
plicitly demonstrate the fragility of Wannier obstruction by
coupling H4 to a Wannierizable system Hw and thus “un-
wind” the Wilson loop pattern. In (d), we calculate the y-
directed nested Wilson loop ω2(kx) for the red Wannier band
sector in (c).
and its inset, there exists a pair of corner-localized Majo-
rana zero modes, which establishes H4 as a higher-order
TSC. In particular, the model parameters are chosen
to be m0 = −m1 = 3 and g1 = g2 = 0.5. According
to our boundary theory, the corner Majorana modes
are predicted to be localized on the inversion-related
boundary positions, which are characterized by the polar
angle θ = θ0 = tan
−1 1 = pi4 and θ =
5pi
4 . This agrees
well with our numerical findings shown in the inset of
Fig. 10 (a).
The Wannier obstruction of H4 is clearly revealed by
calculating the bulk Wilson loop spectrum ωx1 (ky), which
is often known as the “Wannier band spectrum” [25]. As
shown in Fig. 10 (b), the Wilson loop ωx1 (ky) exhibits
a nontrivial winding pattern which prohibits a symmet-
ric and localized Wannier representation for H4. Such
winding pattern is relatively robust by itself due to the
inversion-symmetry protection [72].
However, if we couple H4 with another Wannierizable
system Hw, we can unwind the Wilson loop (gap out the
Wannier bands) to recover the Wannierizability [34, 73].
To achieve this, we consider a composite system H5, with
H5 =
(
H4 hc
h†c Hw
)
. (44)
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We have constructed Hw by placing one Wannier orbital
at q1 = (
1
4 ,
1
4 ) and another Wannier orbital at q2 =
(− 14 ,− 14 ). Note that one can symmetrically move both
Wannier orbitals to q1a without spoiling the adiabacity.
Therefore, Hw is adiabatically equivalent to stacking two
building blocks κa at q1a, which is both Wannierizable
and topologically trivial.
Specifically, we consider the BdG basis Φw =
(c1,k, c
†
1,−k, c2,k, c
†
2,−k)
T for Hw, where ci,k annihilates
an electron at qi for i = 1, 2. Then Hw and the coupling
matrix hc are given by
Hw = t
 0 0 f(k)
2 0
0 −0 0 −f(k)2
[f(k)∗]2 0 0 0
0 −[f(k)∗]2 0 −0
 ,
hc = gc
f(k)
∗ 0 f(k) 0
0 −f(k)∗ 0 −f(k)
0 0 0 0
0 0 0 0
 . (45)
where we have defined f(k) = e
i
4 (kx+ky).
For our purpose, we choose a large 0 = 30 such that
the BdG bands of Hw stay away from the Fermi level.
We also choose t = 0.5 and gc = 4 and calculate the
x-directed Wilson loop for the composite system H5.
As shown in Fig. 10 (c), now the Wannier bands are
gapped out and can be separated into two disjoint seg-
ments, which are plotted in red and blue, respectively.
This unwinding pattern directly suggests that the previ-
ous Wannier obstruction for H4 is indeed removed, which
is a hallmark for fragile Wannier obstruction.
D. Nested Wilson Loop, Parity Data, and
Majorana Counting
To perform our universal diagnosis, note that it is gen-
erally challenging to find an adiabatic path to connect the
Wannierizable composite system H5 and a corresspond-
ing Kitaev superconductor. Consequently, we will try to
establish such adiabatic connection in an indirect way.
We will explicitly show that both its (nested) Wilson
loops [25] and the parity data indicate a unique decom-
position of H4 in terms of the Kitaev building blocks.
This decomposition allows us to explain the higher-order
topological origin of the stacked chiral TSC model H4
with our Majorana counting rule.
Physically, the value of Wilson loops ωx1 (ky) is the
expectation value of x-position operator xˆ in the Wan-
nier representation. Therefore, a gapped Wannier band
spectrum in Fig. 8 (c) directly implies the existence of
two spatially separated electron clouds along x-direction
within the unit cell. To be specific, the red (blue)
Wannier bands correspond to an electron cloud localized
around x = 0 (x = 12 ).
Γ 𝑋 𝑌 𝑀
𝑠 @ 𝒒1𝑏 + − + −
𝑠 @ 𝒒1𝑐 + + − −
𝑠 @ 𝒒1𝑑 + − − +
𝑝 @ 𝒒1𝑎 − − − −
𝐻5 (+,+,+, −) (−,−,+, −) (−,−,+, −) (−,−,+, −)
TABLE I. This table shows the decomposition of the compos-
ite system H5 with respect to Kitaev building blocks, from
the perspective of parity data. For the parity data of H5,
the data in red (blue) color shows the contribution from H4
(Hw). About the notation of the decomposition, for example,
we have use “p@q1a” to denote a Kitaev building block with
a p-like orbital sitting at q1a.
To further extract the position information for the elec-
tron clouds along y-direction, we calculate the nested
Wilson loop ωy2 (kx) for each colored group of Wannier
bands. As shown in Fig. 8 (d), we find two nested Wan-
nier bands localized around ωy2 = 0 and ω
y
2 =
1
2 , re-
spectively. Physically, this implies that the red electron
cloud at x = 0 can be further divided into two separated
smaller electron clouds along y-direction. In particular,
one cloud sits around q1a = (0, 0) and the other locates
at q1c = (0,
1
2 ). A similar nested Wilson loop calcula-
tion can be performed for the blue Wannier band sector,
which shows a similar spectrum to Fig. 8 (d). This sug-
gests the existence of two electron clouds at q1b and q1d,
respectively.
However, one should be careful about interpreting the
(nested) Wilson loop results as the actual positions of
Wannier orbitals in real-space. Since the (nested) Wil-
son loops are essentially projected position operators for
a specific (Wannier) band sector, the projected xˆ and
yˆ operators do not generally commute. For example,
we could calculate the y-directed Wilson loop ωy1 and
the x-directed nested Wilson loop ωx2 , instead of the ω
x
1
and ωy2 that we have calculated. Then it is possible that
(ωx1 , ω
y
2 ) 6= (ωy1 , ωx2 ). While this ambiguity does not exist
for our present model, an example with this issue does
exist and was addressed in Ref. [25].
To further rule out the ambiguity of the Wilson loop
calculations, we further calculate the parity data for the
composite system H5, as shown in Table I. In particu-
lar, we can trust the parity data for H5 simply because
it does have momentum-independent inversion represen-
tation. To demonstrate, we have highlighted the parity
contribution for H4 in red and that for the Wannierizable
system Hw in blue. We note that the parity data for H5
is the same as that for a face-to-face stacking of one p-
like orbital at q1a and three s-like orbital at the other
three maximal Wyckoff positions, as shown in Table I.
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It is easy to see that such parity data decomposition is
indeed unique. Then the parity data and the Wilson loop
calculations reach a consistent decomposition relation for
H5 that
H5 ≡ κa(p)⊕ κb(s)⊕ κc(s)⊕ κd(s), (46)
where we have denote a κi with an α-type orbital as
κi(α). Here “≡” denotes the adiabatic equivalence rela-
tion between the two systems and “⊕” denotes the stack-
ing operation of Kitaev building blocks.
Recall that Hw ≡ κa(s)⊕ κa(p). Then we have
H4 ≡ H5 	Hw ≡ κb(s)⊕ κc(s)⊕ κd(s)	 κa(s). (47)
Namely, H4 is equivalent to a stacking of κb,c,d with an
additional “subtraction 	” of κa. From the Majorana
counting rule, we have shown that the face-to-face
stacking of κb,c,d is higher-order topological but κa is
not. As a result, the stacked chiral TSC model H4 is
then naturally higher-order topological, which clearly
verifies our conjectured universal diagnosis.
For the case of k-independent inversion operators, we
emphasize that our building block analysis shows that the
parity data uniquely indicates the higher-order topologi-
cal phase. Specifically, the higher order-topological phase
is characterized by an odd number of “double band inver-
sions” [i.e. (−,−) pattern] at the same high-symmetry
momentum, which is indeed the case for both H1 and H4.
Assuming the conjecture in Sec. V is true, this provides a
simple form for the topological invariant for higher-order
superconductors with k-independent inversion represen-
tations that can be computed directly from the parity
pattern without computing Wannier functions or Wilson
loops. [NOTE: for the record, we made this conjecture
before and dropped it in the arxiv version of Ref. [51]
because we were not sure and this form of the invariant
does not exist in the literature]
VII. CONCLUSION
To conclude, we have defined Kitaev limit as a key
concept for constructing and diagnosing Wannierizable
higher-order topological superconductors in any spatial
dimension. Different from the symmetry-indicator-based
classifications, our approach starts from a complete set
of real-space Kitaev building blocks, by stacking which
various higher-order TSC phases can be systematically
achieved. Notably, some Kitaev superconductors with
higher-order topology have k-dependent symmetry rep-
resentations, which are beyond the detection of existing
symmetry indicators. Nevertheless, we have proposed
a simple but powerful Majorana counting rule that di-
agnoses higher-order topology for all Kitaev supercon-
ductors. For general Wannierizable superconductors, we
have conjectured a universal diagnostic procedure for de-
termining higher-order topology and dicussed a realistic
example to show how this universal diagnosis works in
general.
Starting from our theory, it is quite straightforward
to extend our building block construction to supercon-
ductors with other crystalline group symmetries. In
particular, for such extension to a given space group,
one only needs to identify a corresponding set of Kitaev
building blocks and slightly modify the Majorana count-
ing rule accordingly, which simply follows the procedure
defined in Sec. III. Furthermore, similar construction
strategy can also applied for designing and diagnosing
higher-order topological Kitaev superconductors in class
DIII with spinful time-reversal symmetry [74]. There-
fore, our theory indeed provides a general framework for
constructing and understanding higher-order TSC from
the real-space perspective.
Recently, there is an interesting proposal about using
“pairing obstruction” instead of Wannier obstruction to
understand the topological behavior of superconductors
[75]. Following the original definition in Ref. [76], the
pairing obstruction is characterized by a real-space two-
point function grr′ that describes the spatial profile of
the Cooper pairs. In particular, a BdG system is pairing
obstructed and thus proposed to be topological if grr′ falls
off as a polynomial function of |r− r′|. In other words,
the pairing obstruction occurs if the Fourier transform of
grr′ is singular. We note that our Kitaev building blocks
κb,c,d do have similar pairing obstructions because of the
inter-atomic-site Majorana bonds. Therefore, it is easy to
check that all of the Kitaev superconductors with higher-
order topology in our work are indeed pairing obstructed.
At this moment, it is still unknown that whether a
mathematical description of topological invariants in mo-
mentum space can be formulated to correctly diagnose all
higher-order TSCs. Nevertheless, if such theory indeed
exists, all the examples presented in this work (especially
the beyond-indicator models) manifest themselves as a
touchstone for checking the completeness of the topolog-
ical classification scheme.
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